We study graphs where each edge adjacent to a vertex of small degree (7 and 9, respectively) belongs to many triangles (4 and 5, respectively) and show that these graphs contain a complete graph (K 6 and K 7 , respectively) as a minor. The second case settles a problem of Nevo (Nevo, 2007) . Morevover if each edge of a graph belongs to 6 triangles then the graph contains a K 8 -minor or contains K 2,2,2,2,2 as an induced subgraph. We then show applications of these structural properties to stress freeness and coloration of graphs. In particular, motivated by Hadwiger's conjecture, we prove that every K 7 -minor free graph is 8-colorable and every K 8 -minor free graph is 10-colorable.
Introduction
A minor of a graph G is a graph obtained from G by a succession of edge deletions, edge contractions and vertex deletions. All graphs we consider are simple, i.e. without loops or multiple edges. The following theorem of Mader [13] bounds the number of edges in a K r -minor free graph.
Theorem 1 (Mader, 1968 , [13] ) For 3 ≤ r ≤ 7, any K r -minor free graph G on n ≥ r vertices has at most (r − 2)n − r−1 2
edges.
Note that since |E(G)| = denotes the minimum degree of G. This property will be of importance in the following. We are interested in a sufficient condition for a graph to admit a complete graph as a minor, dealing with the minimum number of triangles each edge belongs to. Nevo [15] already studied this problem for small cliques.
In the following, we assume that every graph has at least one edge.
We investigate applications of the previous results in the rest of the paper. In Section 5, we relax the hypothesis into a more global condition on the overall number of triangles in the graph. In particular, we prove that, for 3 ≤ k ≤ 7 (resp. k = 8), if a graph has m ≥ 1 edges and at least k−3 2 m triangles, then it has a K k -minor (resp. a K 8 -or a K 2,2,2,2,2 -minor). In Section 6, we show applications to stress freeness of graphs, and settle some open problems of Nevo [15] . Finally, we show some applications to graph coloration in Section 7 and Section 8. In the former section, we show an application to double-critical k-chromatic graphs which settle a special case of a conjecture of Kawarabayashi, Toft and Pedersen [10] . In the latter section, motivated by Hadwiger's conjecture, we show that every K 7 -minor free graph is 8-colorable and that every K 8 -minor free graph is 10-colorable.
Proof of Theorem 4 for r ≤ 6 : A slight improvement of Nevo's theorem
First note that the cases r = 3 or 4 are trivial. The case r = 5 is also quite immediate, but we need a few definitions to prove it. A separation of a graph G is a pair (A, B) of subsets of V (G) such that A ∪ B = V (G), A \ B = ∅, B \ A = ∅, and no edge has one end in A\B and the other in B\A. The order of a separation is |A ∩ B|. A separation of order k will be denoted as a k-separation, and a separation of order at most k as a (≤ k)-separation. Given a vertex set X ⊆ V (G) (eventually X is a singleton) the sets N(X) and N[X] are respectively defined by {y ∈ V (G) \ X | ∃x ∈ X s.t. xy ∈ E(G)} and X ∪ N(X).
Let us prove the case r = 5. Consider any K 5 -minor free graph G. According to Wagner's characterization of K 5 -minor free graphs [21] , G is either the Wagner graph, a 4-connected planar graph, or has a (≤ 3)-separation (A, B) such that H = G[A] is either the Wagner graph or a 4-connected planar graph. If G or H is the Wagner graph, as this graph has only degree 3 vertices and no triangle, we are done. If G (resp. H) is a 4-connected planar graph, Euler's formula implies that there is a vertex v of degree at most 5 in V (G) (resp. in A \ B). One can then observe that, any edge around v belongs to at most 2 triangles, as otherwise there would be a separating triangle in G (resp. H), contradicting its 4-connectivity.
Let us now focus on the case r = 6 of Theorem 4. Consider by contradiction a K 6 -minor free graph G with at least one edge, and such that every edge incident to a vertex of degree at most 7, belongs to at least 4 triangles. By Mader's theorem, we have that δ(G) ≤ 7. We start by studying the properties of G[N(u)], for the vertices u of degree at most 7. First, it is clear that G[N(u)] is K 5 -minor free because otherwise there would be a K 6 -minor in G, contradicting the hypothesis.
Lemma 9 δ(G) ≥ 6, and for any vertex u of degree at most 7, δ(G[N(u)]) ≥ 4.
Proof. For any vertex u of degree at most 7, and any vertex of v ∈ N(u) the edge uv belongs to at least 4 triangles. The third vertex of each triangle clearly belongs to N(u) and is adjacent to v. Thus v has degree at least 4 in G[N(u)].
Since for any vertex u of degree at most Note that by Wagner's characterization of K 5 -minor free graphs, every 4-connected K 5 -minor free is planar. Chen and Kanevsky [3] proved that every 4-connected graph can be obtained from K 5 and the double-axle wheel W We need the following lemmas on the neighborhood of the vertices with small degree.
Lemma 10 For any vertex u of degree at most 7, every vertex
Proof. Recall that G[N(u)] is a double-axle wheel. Note that in a double-axle wheel, every vertex has degree at most 5, and every edge belongs to exactly 2 triangles. Thus, every vertex of N(u) has degree at most 6 Proof. Suppose for contradiction that every vertex of C has degree at least 8 in G. Note that by definition, every vertex in N(C) has a neighbor in C. Thus, as by Lemma 11 G[N(C) ] is a clique on k ≤ 3 vertices, the vertices in
and by Mader's theorem, there is a
Now choose a vertex u of degree at most 7 and a connected component C of
, in such a way that |C| is minimum. By Lemma 12, C has a vertex v of degree at most 7.
Let C u be the connected component of G \ N[v] that contains u, and let
. We thus have that C ′ C and thus that |C ′ | < |C|, contradicting the choice of u and C. This concludes the proof of the case r = 6 of Theorem 4. Consider by contradiction a K 7 -minor free graph G with at least on edge, and such that every edge incident to a vertex of degree at most 9 belongs to at least 5 triangles. By Mader's theorem, |E(G)| ≤ 5|V (G)| − 15, hence there are vertices u such that deg(u) ≤ 9.
We start by studying the properties of G[N(u)], for any vertex u of degree at most 9. First, it is clear that G[N(u)] is K 6 -minor free because otherwise there would be a K 7 -minor in G, contradicting the hypothesis.
Lemma 13 δ(G) ≥ 7, and for any vertex u of degree at most 9, δ(G[N(u)]) ≥ 5.
Proof. For any vertex u of degree at most 9, and any vertex of v ∈ N(u) the edge uv belongs to at least 5 triangles. The third vertex of each triangle clearly belongs to N(u) and is adjacent to v. Thus v has degree at least 5 in
Since for any vertex u of degree at most 9 we have δ(G[N(u)]) ≥ 5, |N(u)| ≥ 6 (i.e. deg(u) ≥ 6). Furthermore if there was a vertex u of degree 6, as
There is no appropriate theorem (contrarily to the previous case) to generate all possible neighbourhoods of the small degree vertices. Instead, we use a computer to generate all graphs with at most 9 vertices and minimum degree at least 5. Then we refine (by computer) our list of graphs, by removing the ones having a K 6 -minor. At the end, we end up with a list of 22 graphs. A difference with the previous case is that not all the 22 graphs are maximal K 6 -minor free graphs. We deduce two of the following lemmas from the study of N(u) by computer [1] .
Lemma 14
For any vertex u of degree at most 9, any connected component
G[N[C]] has at most 3 non-edges).
Proof. As any connected component C could be contracted into a single vertex, we prove the lemma by attaching a new vertex to all possible combinations of k vertices of N[u] (as we know that N(u) induces one of the 22 graphs generated above), for any k ≤ 6, and check when it induces a K 7 -minor. ✷ This allows us to prove the following equivalent of Lemma 12.
Lemma 15 For any vertex u of degree at most 9, any connected component
Proof. Let u be a vertex of G of degree at most 9 and let C be a connected component of G \ N[u] which vertices have degree at least 10 in G. Note that by definition every vertex of N(C) has at least one neighbor in C. Lemma 14 implies that |N(C)| = k ≤ 5 and that G[N(C)] has at most 3 non-edges. Thus, contracting a conveniently choosen edge between u and N(C), one obtains that G[N(C)] has at most 1 non-edge. After this contraction, we have:
This contradicts the fact that G[N [C] ] is K 7 -minor free, and thus concludes the proof of the lemma. ✷
Lemma 16
For any vertex u of degree at most 9, at most one vertex v of
Proof. For every such vertex v, as deg(v) ≤ deg(u) ≤ 9, the edges adjacent to v with both ends in N(u) belong to at least 5 triangles in G (i.e. belong to at least 4 triangles in G[N(u)]). We checked that for every graph in the list at most one such vertex satisfies this condition. ✷ This allows us to prove the following lemma.
Lemma 17
For any vertex u of degree at most 9 and any connected compo- 
. We thus have that C ′ C and thus that |C ′ | < |C|, contradicting the choice of u and C. This concludes the proof of case r = 7 of Theorem 4 4 Proof of Theorem 6, 7 and 8 : the case of 6 triangles As in the previous sections, we will consider vertices of small degree (and their neighborhoods) in K 8 -minor free graphs. We thus need the following technical lemma that has been proven by computer [1] . 
Note that the second property also holds for K 2,2,2,2 , K 3,3,3 and P 10 . Actually any edge of these 3 graphs belongs to less than 5 triangles.
By Theorem 5, any K 8 -minor free graph has minimum degree at most 11. Theorem 6 considers the case where the minimum degree is exactly 11. It will be used in Section 8 to color K 8 -minor free graphs.
Proof of Theorem 6. We prove this using the same technique as in Section 3. Consider by contradiction a K 8 -minor free graph G with δ(G) = 11, and such that every edge adjacent to a degree 11 vertex belongs to at least 6 triangles. We start by studying the properties of G[N(u)], for any degree 11 vertex u. First, it is clear that G[N(u)] is K 7 -minor free because otherwise there would be a K 8 -minor in G, contradicting the hypothesis. 
Lemma 21
A graph H with a degree 11 vertex u ∈ V (H) and such that: 
which is more than 6(|C| + k) − 20 (as k ≤ 6 and as if k = 6 then δ 1 ≥ 1).
Thus this graph has a K 8 -minor, and so does H. This completes the proof of the lemma. ✷ 
Lemma 22 For any degree 11 vertex u and any connected component
. We thus have that C ′ C and thus that |C ′ | < |C|, contradicting the choice of u and C. This concludes the proof of Theorem 6 ✷ let us now prove Theorem 8. Given a counter-exemple G of Theorem 8, note that adding a vertex s to G, adjacent to a single vertex of G, one obtains a counter-exemple of the following theorem, thus Theorem 8 is a corollary of the following theorem.
Theorem 23 Consider a connected K 8 -minor free graph G with a vertex s of degree at most 7 and such that N[s] V (G). If every edge e ∈ E(G) \ E(G[N[s]]) belongs to at least 6 triangles, then G contains an induced
Proof. Consider a connected K 8 -minor free graph G with a vertex s of degree at most 7 such that N[s] V (G), such that G does not contain an induced K 2,2,2,2,2 , and such that every edge e ∈ E(G) \ E(G[N[s]]) belongs to at least 6 triangles. Assume also that G minimizes the number of vertices. This property implies that G \ N[s] is connected. Indeed, otherwise one could delete one of the connected components in G \ N[s] and obtain a smaller counter-example. The graph G is almost 8-connected as observed in the following lemma.
Lemma 24 For any separation
, we have either:
Proof. Suppose there exists a separation (A, B) contradicting the lemma. Note that |S| < 8 and let us assume that s ∈ A.
Consider first the case where s / ∈ S = A∩B, that is the case where {s} A\B. Assume that among all such counter-examples, (A, B) minimizes |S|. In this case, if the connected component of A \ B containing s has more vertices then, contracting this component into s, one obtains a proper minor
and such that every edge not in E(N[s]) belongs to 6 triangles. This would contradict the minimality of G, and we thus assume the existence of a component C 0 = {s} in G \ B. As {s} A \ B, let C 1 = {s} be some connected component of G \ B. Let also C 2 be some component of G \ A. Note that for any of these components C i , N(C) S. 
would be a counter-example contradicting the minimality of S. Finally note that N(C 2 ) ⊆ N(C 1 ), as otherwise contracting C 1 into a single vertex s ′ and considering the graph induced by C 2 ∪{s ′ } one would obtain a smaller counterexample. Thus there exists a vertex x ∈ N(s) ∩ N(C 2 ) such that x / ∈ N(C 1 ). Contracting the edge xs and contracting the whole component C 2 into x, and considering the graph induced by C 1 ∪ {x} one obtains a smaller counterexample (where x plays the role of s).
Consider now the case where s ∈ S = A ∩ B and note that |S| < 6. Assume that among all the separations containing s, (A, B) minimizes |S|. Note that every connected component C of G \ S is such that s ∈ N(C). Indeed, we have seen above that otherwise C would be such that |N(C)| ≥ 8 (by considering the separation (V (G) \ C, N[C]) and noting that {s}
, and this would contradict the fact that |S| < 6. This implies that every connected
would be a separation containing s contradicting the minimality of S. We can assume without loss of generality that s has at most as many neighbors in B \ A than in A \ B. In particular, since deg(s) ≤ 7, s has at most 3 neighbors in B \ A. Proof. Assume for contradiction that every vertex of V (G) \ N[s] but one, say x, has degree at least 12, and recall that such vertex has degree at least 8. Note that every vertex v ∈ N(s) has a neighbor in V (G) \ N[s], as otherwise G \ v would be a smaller counter-exemple. Thus every vertex v ∈ N(s) has an incident edge that belongs to at least 6 triangles (without using the edge sv), which implies that deg(v) ≥ 8. This implies that the number of edges in G verifies :
where k = deg(s). This implies that 3k ≥ 26 which contradicts the fact that k = deg(s) ≤ 7. This concludes the proof of the lemma. ✷
As for any vertex u ∈ V (G) \ N[s] each of its incident edges belongs to 6 triangles, the graph G[N(u)] has minimum degree at least 6. As G does not contain K 8 as subgraph, this also implies that deg(u) ≥ 8. So there are at least two vertices in V (G) \ N[s] with degree between 8 and 11. The next lemma tells us more on the neighborhood of these small degree vertices.
Lemma 26 For every vertex
Proof. Let u be any vertex of V (G) \ N[s] with degree at most 11 in G. Proof. Observe that adding two vertex disjoint edges or three edges of a triangle in K 3,3,3 yields a K 7 -minor. Now assume for contradiction that there exists some vertex
As the set N(u) \ N[s] is non-empty (it has size at least 9 − 7) and as every 
Let {a 1 , a 2 , a 3 }, {b 1 , b 2 , b 3 } and {c 1 , c 2 , c 3 } be the three disjoint stables of N(u) = K 3,3,3 . Without loss of generality we can assume that {a 1 , a 2 , a 3 } ⊂ N(C), and that a 1 / ∈ N(s). As the edges of N(u) incident to a 1 belong to at least 6 triangles, a 1 has at least two neighbors in
. By Theorem 27 (applied to {a 1 , a 2 , a 3 } in the graph
there is a vertex v ∈ V (G ′′ ) such that at most one of a 1 , a 2 , a 3 are in each component of G ′′ \ v. Note that since a 1 , a 2 and a 3 ∈ N(C), all the sets C ∪ {a i , a j } induce a connected graph, and thus v = a 1 , a 2 or a 3 . Equivalently we have that
. Hence G ′′ \ {v} contains at least 3 components C 1 , C 2 and C 3 with a i ∈ C i , for 1 ≤ i ≤ 3. Since a 1 has at least two neighbors in G ′ \ N[u], one of them is distinct from v and we can define C Proof. Assume for contradiction that there exists some vertex
One can check that adding two edges in K 2,2,2,2 creates a K 7 -minor. Thus as G is K 8 -minor free it should not be possible to add (by edge contractions) two new edges in N(u).
has at most six neighbors in N(u). 
is isomorphic to C 6 (the complement of the 6-cycle). This is not compatible with G[N(u)] being isomorphic to K 2,2,2,2 , as this in turn implies that G[N(u) ∩ N(v)] is isomorphic to K 2,2,2 . ✷ As by Lemma 24 there is no (≤ 5)-separator (A, B) with u ∈ A \ B and u ′ ∈ B \ A, Menger's Theorem implies the existence of 6 vertex disjoint paths between u and u ′ . These paths induces 6 disjoint paths P 1 . . . P 6 between N(u) and N(u ′ ). Note that every vertex in N(u) ∩ N(u ′ ) can be seen as a path of length 0.
Therefore, since N(u) is isomorphic to K 2,2,2,2 , there are two non-edges a 1 a 2 and a 3 a 4 of G[N(u)] such that each a i is the end of the path P i . We denote by b i , 
Since both K 2,2,2,2 and P 10 are 6-connected then N[u ′ ] is 7-connected and so
has too many edges to be planar. Indeed, it has 9 − |X| vertices and at least 32 − 7|X| edges, which is more than 3(9 − |X|) − 6 for 0 ≤ |X| ≤ 2. We now need the following theorem of Robertson and Seymour about vertex disjoint pairs of paths. ] \ X, except at their ends, there exists two disjoint paths respectively linking a 1 with a 2 (through P 1 , P 1,2 and P 2 ), and a 3 with a 4 (through P 3 , P 3,4 and P 4 ). This contradicts the K 8 -minor freeness of G and thus concludes the proof of the lemma. Claim 33 In P 10 , adding two edges ab cd, such that ab, bc and cd / ∈ E(P 10 ), creates a K 7 -minor. Furthermore adding three edges e 1 e 2 and e 3 , such that e 1 ∩ e 2 ∩ e 3 = ∅ in P 10 , creates a K 7 -minor.
Proof. One can easily check the accuracy of the first statement, by noting that adding any such pair of edges ab and cd, yields the same graph, and by noting that adding the edges u 1 u 2 and u 3 u 4 in P 10 (notations come from Figure 2 ) the partition {{0, 2}, {1}, {3}, {4}, {5}, {6, 7}, {8, 9}} induces a K 7 -minor.
For the second statement, we can assume that the three added edges are such that they pairwise do not correspond to the first statement. Without loss of generality, assume that one of the three edges is u 0 u 5 , and note that the other added edges are distinct from u 1 u 2 , u 1 u 6 , u 3 u 4 , u 4 u 9 , u 2 u 7 , u 7 u 9 , u 3 u 8 and u 6 u 8 . Consider the case where one of the other added edges is incident to u 0 u 5 . By symmetry one can assume that this edge is u 0 u 1 , but this implies that the third added edge is distinct from u 0 u 4 (as the three edges would intersect), and from u 3 u 4 , u 6 u 9 , u 5 u 7 and u 5 u 8 (by the first statement). There is thus no remaining candidate for the third edge. This implies that it is sufficient to consider the case where the edges u 0 u 5 , u 2 u 3 and u 6 u 9 are added in P 10 . In this case the partition {{1}, {4}, {7}, {8}, {0, 5}, {6, 9}, {2, 3}} induces a K 7 -minor. ✷ Let us list the induced subgraphs of P 10 of size 6.
Claim 34 There are exactly 6 distinct induced subgraphs of size 6 in P 10 , including K 2,2,2 . The complements of these graphs are represented in Figure 3 . Furthermore note that every induced subgraphs of P 10 of size at least 7, has a subgraph of size 6 distinct from K 2,2,2 .
We do not prove the claim here as one can easily check its accuracy. Proof. We assume for contradiction that u has a neighbor v of degree at most 11. By Lemma 26, Lemma 29, and Lemma 28, the graph G[N(v)] is isomorphic to P 10 .
Assume v = u 0 in Figure 2 . Since N(u 0 ) ⊃ {u, u 2 , u 3 , u 6 , u 7 , u 8 , u 9 }, the adjacencies in G[{u, u 2 , u 3 , u 6 , u 7 , u 8 , u 9 , }] allow us to denote u by u The vertices u and u ′ are non-adjacent, however they can share neighbors. Let us prove that they cannot share more than 7 neighbors.
Proof. Assume for contradiction that
is non-empty, and denote x one of its vertices. By Lemma 35, this vertex x as degree at least 12. As it has exactly 6 neighbors in N(u), at most 2 neighbors in N(u ′ ) \ N(u), and as it is adjacent to both u and u ′ , x has at least two neighbors in
and there exist a path P with inner vertices in C and with non-adjacent ends in N(u) (by Claim 34). Let us denote x and y the ends of P . As |N(u) ∩N(u ′ )| ≥ 8 and by Claim 34, there exists a vertex z ∈ N(u) ∩N(u ′ ) such that z = x or y, and such that contracting the edge zu ′ creates at least two edges in N(u). As these three added edges (xy and the edges adjacent to z) do not intersect, Claim 33 implies that there is a K 8 -minor, a contradiction. ✷
As by Lemma 24 there is no (≤ 5)-separator (A, B) with u ∈ A \ B and u ′ ∈ B \ A, Menger's Theorem implies the existence of 6 vertex disjoint paths P 1 . . . P 6 between u and u ′ . By minimizing the total length of these paths we can assume that each vertex in N(u)∩N(u ′ ) corresponds to one of these paths, and that any of these paths intersect N(u) (resp. N(u ′ )) in only one vertex. Contracting the inner edges (those non-incident to u or u ′ ) of these paths, and considering the graph induced by N[u] ∪ N[u ′ ] one obtains a graph H such that:
• u and u ′ are nonadjacent and
• deg H (u) = 10, and H[N(u)] contains P 10 as a subgraph.
• deg H (u ′ ) = 10, and H[N(u ′ )] contains P 10 as a subgraph.
If the graph induced by
, then one can assume without loss of generality that N(u) = {u 0 , . . . , u 9 } and that N(u 
Then G has an edge e ∈ E(G) \ E(G[N[s]]) that belongs to at most 5 triangles.
The proof of this theorem is as the proof of Theorem 23, except that one does not need to consider the case where some vertex u is such that N(u) induces a K 2,2,2,2 .
Global density of triangles
In this section, we investigate the relation between the number of triangles and the number of edge of a graph. Denotes by ρ = t m the ratio between the number of triangles t and the number of edges m of a graph G
It is easy to notice that 2-trees on n ≥ 2 vertices have exactly 1+2(n−2) edges and n − 2 triangles. Furthermore, for k ≥ 3 one can notice that k-trees on n ≥ k vertices have exactly
+k(n−k) edges and
triangles. Thus any k-tree, for k ≥ 2, verifies
Since k-trees are K k+2 -minor free, for all k ≥ 4 there exists K k -minor free graphs with
triangles.
We deduce that for all k
. Indeed for every ǫ > 0, there exists a number m and a K k -minor free graph with m edges such that
. In fact, for 4 ≤ k ≤ 7, the following theorem proves that this lower bound is best possible, so we have
Theorem 38 For 4 ≤ k ≤ 7 (resp. k = 8), every graph with m ≥ 1 edges and
Proof. Consider by contradiction, a non-trivial K k -minor free (resp. K 8 -and K 2,2,2,2,2 -minor free) graph G with t ≥ m(k − 3)/2 triangles. Among the possible graphs G, consider one that minimizes m (given that m ≥ 1).
Given any edge uv
and denote n ′ and m ′ its number of vertices and edges respectively. Contracting uv yields a proper minor of G, with exactly 1 + n ′ edges less, and with at most n ′ + m ′ triangles less. Thus by minimality of G, for every edge uv
which implies that
On the other hand we have that
In other words, every edge uv of G belongs to at least k − 2 triangles. By Theorems 4, (resp. Theorem 8), this contradicts the K k -minor freeness (resp. K 8 -and K 2,2,2,2,2 -minor freeness) of G. ✷
Application to stress freeness of graphs
The motivation of this application is a problem that arises from the study of tension and compression forces applied on frameworks in the Euclidian space
and an embedding ρ of G in R d . The reader should think of a framework as an actual physical system where edges are either straight bars or cables and vertices are articulated joints. A stress on a framework (G, ρ) is a function ω :
Stress corresponds to some notion of equilibrium for the associated physical system. Each vertex is affected by tension and compression forces created by the bars and cables. ω({u, v}) can be thought of as the magnitude of such force per unit length, with ω({u, v}) < 0 for a cable tension and ω({u, v}) > 0 for a bar compression. A stress is a state of the system where these forces cancel each other at every vertex. We can see that every framework admits a trivial stress where ω is identically zero. A d-framework admitting only the trivial stress is called d-stress free.
To make this notion independent of the embedding of G, the following was introduced. A graph G is generically d-stress free if the set of all d-stress free embeddings of G in R d is open and dense in the set of all its embeddings (i.e. every stressed embedding of G is arbitrary close to a stress free embedding).
This notion has been first used on graphs coming from 1-skeletons of 3-dimensional polytopes [2, 14, 4, 22] , which are planar by Steiniz's theorem. Gluck generalized the results on 3-dimensional polytopes to the whole class of planar graphs.
Theorem 39 (Gluck, 1975, [8] ) Planar graphs are generically 3-stress free.
Nevo proved that we can generalize Theorem 39 for K 5 -minor free graphs, and extended the result as follows.
Theorem 40 (Nevo, 2007, [15] ) For 2 ≤ r ≤ 6, every K r -minor free graph is generically (r − 2)-stress free.
He conjectured this to hold also for r = 7 and noticed that the graph K 2,2,2,2,2 is an obstruction for the case r = 8. Indeed, K 2,2,2,2,2 is K 8 -minor free and has too many edges to be generically 6-stress free (a generically ℓ-stress free graph has at most ℓn − ℓ+1 2 edges [15] ). We answer positively to Nevo's conjecture and we give a variant for the generically 6-stress freeness.
Theorem 41 Every K 7 -minor free graph (resp. K 8 -and K 2,2,2,2,2 -minor free graph) is generically 5-stress free (resp. 6-stress free).
The following result of Whiteley [23] is used to derive Theorem 41.
Theorem 42 (Whiteley, 1989 Proof. Assume that G is a K 7 -minor free graph (resp. a K 8 -and K 2,2,2,2,2 -minor free graph). Without loss of generality, we can also assume that G is connected. Now, contract edges belonging to at most 4 (resp. 5) triangles as long as it is possible and we denotes by G ′ the graph obtained. Note that by construction, every edge of G ′ belongs to 5 (resp. 6) triangles. Note also that G ′ is a minor of G, and is thus K 7 -minor free (resp. K 8 -and K 2,2,2,2,2 -minor free). Theorem 4 (resp. Theorem 8) thus implies that G ′ is the trivial graph without any edge and with one vertex. This graph is trivially generically 5-stress free (resp. 6-stress free), and so by Theorem 42, G also is generically 5-stress free (resp. 6-stress free). ✷
We denote by µ(G) the Colin de Verdière parameter of a graph G. A result of Colin de Verdière [5] is that a graph G is planar if and only if µ(G) ≤ 3. Lovász and Schrijver [12] proved that G is linklessy embeddable if and only if µ(G) ≤ 4. Nevo conjectured that the following holds.
Conjecture 43 (Nevo, 2007, [15] ) Let G be a graph and let k be a positive
This conjecture holds for the cases k = 5 and k = 6 as a consequence of Theorem 41.
Corollary 44 If G is a graph such that µ(G) ≤ 5 (resp. µ(G) ≤ 6) then G is generically 5-stress free (resp. 6-stress free).
Proof. Note that µ(K r ) = r − 1 and that if the complement of an n-vertex graph G is a linear forest, then µ(G) ≥ n − 3 [11] . So we have that µ(K 7 ) = 6, µ(K 8 ) = 7, and µ(K 2,2,2,2,2 ) ≥ 7.
As the parameter µ is minor-monotone [5] , the graph K 7 (resp. K 8 and K 2,2,2,2,2 ) is an excluded minor for the class of graphs defined by µ(G) ≤ 5 (resp. µ(G) ≤ 6). Hence by Theorem 41, these graphs are generically 5-stress free (resp. 6-stress free). ✷ 7 Application to double-critical k-chromatic graphs A connected k-chromatic graph is said to be double-critical is for all edge uv [17] . Below we prove that the conjecture also holds for k = 8.
The following proposition lists some interesting properties about k-chromatic double-critical graphs :
Proposition 47 (Kawarabayashi, Pedersen, and Toft, 2010, [10] 
• The graph G has minimum degree at least k + 1, • For all edges uv ∈ E(G) and all (k − 2)-coloring of G − u − v, the set of common neighbors of u and v in G contains vertices from every color class.
In particular, the last item implies that every edge belongs to at least k − 2 triangles. Consider for contradiction a K 8 -minor free graph G that is double-critical 8-chromatic. By Theorem 8 this graph has an edge that belongs to at most 5 triangles or contains K 2,2,2,2,2 as an induced subgraph. By Proposition 47 every edge of G belongs to at least 6 triangles, thus G contains K 2,2,2,2,2 as an induced subgraph. Let us denote K ⊆ V (G) the vertex set of a copy of K 2,2,2,2,2 in G.
, and a 6-coloring of G \ C. As these two graphs intersect on a clique one can combine their colorings and thus obtain a 6-coloring of G, a contradiction.
Application for coloration of K d -minor free graphs
Hadwiger's conjecture says that every t-chromatic graph G (i.e. χ(G) = t) contains K t has a minor. This conjecture has been proved for t ≤ 6, where the case t = 5 is equivalent to the Four Color Theorem by Wagner's structure theorem of K 5 -minor free graph, and the case t = 6 has been proved by Robertson, Seymour and Thomas [19] . The conjecture remains open for t ≥ 7. For t = 7 (resp. t = 8) the conjecture asks K 7 -minor free graphs (resp. K 8 -minor free graphs) to be 6-colorable (resp. 7-colorable). Using Claim 49 and the 9-degeneracy (resp. 11-degeneracy) of these graphs, one can prove that they are 9-colorable (resp. 11-colorable). We improve these bounds by one.
A graph G is said to be t-minor-critical if χ(G) = t and χ(H) < t whenever H is a strict minor of G. Hadwiger's conjecture can thus be reformulated as follows : Every t-minor-critical graph contains K t has a minor. In the following α(S) means α(G[S]),the independence number of G[S]. The following is a folklore claim, here for completeness.
Proof. Given a vertex v and a stable set S of N(v), consider the graph G A split graph is a graph which vertices can be partionned into one set inducing a clique, and one set inducing an independent set. These graphs are the graphs that do not contain C 4 , C 5 or 2K 2 as induced subgraphs [7] . Proof. Consider by contradiction that there is a K 7 -minor free graph G non-8-colorable (resp. a K 8 -minor free graph G non-10-colorable). This graph is chosen such that |E(G)| is minimal, this graph is thus 9-minor-critical (resp. 11-minor-critical).
For any vertex v, since α(N(v)) is at least 1, Claim 49 implies that deg(v) > 7 (resp. deg(v) > 9). If deg(v) = 8 (resp. deg(v) = 10), since G is K 7 -minor free (resp. K 8 -minor free), we have α(N(v)) ≥ 2, contradicting Claim 49. Finally if deg(v) = 9 (resp. deg(v) = 11), Claim 49 implies that 3 > α(N(v)), and since N(v) cannot be a clique, α(N(v)) = 2. Thus with Mader's theorem we have that δ(G) = 9 (resp. δ(G) = 11), and that for every vertex v of degree 9 (resp. of degree 11), α(N(v)) = 2. By Theorem 4 (resp. Theorem 6), we consider a vertex u of degree 9 (resp. 11) such that there is an edge uv which belongs to at most 4 (resp. 5) triangles. Let H = G[N(u)], and recall that α(H) = 2.
Claim 52
The graph
Proof. Assume by contradiction that H contains a K t with vertices x 1 , . . . , x t , for t = 5 (resp. for t = 6). Assume first that the graph induced by Y = N(u)\{x 1 , . . . , x t } is connected. Since δ(G) ≥ 9 every vertex x i has a neighbor in Y or a neighbor w i in G \ N [u] . In the latter case, denote C i the connected component of w i in G\N [u] . Since by Claim 50 (for the partition
) into a single vertex and form a K t+2 together with vertices u, x 1 , . . . , x t , a contradiction.
Assume now that the graph induced by Y is not connected and let y 1 , y 2 ∈ Y be non-adjacent vertices. Since G is (2t − 1)-minor critical, consider a (2t − 2)-coloring of the graph G ′ obtained from G by contracting uy 1 and uy 2 . This coloring implies the existence of a (2t − 2)-coloring c of G \ u such that c(y 1 ) = c(y 2 ). As this coloring does not extends to G, the 2t − 1 vertices in N(u) use all the (2t − 2) colors. This implies that the colors used for the x i are used only once in N(u), and that there exists a vertex z ∈ Y which color is used only once in N(u). Assume c(x i ) = i and c(z) = 7. Given two colors a, b and a vertex v colored a, the (a, b)-component of v is the the connected component of v in the graph induced by a-or b-colored vertices. For any 1 ≤ i ≤ t, suppose we switch colors in the (i, 7)-component of z. As this cannot lead to a coloring which does not use all the colors in N(u), there exists a (7, i)-bicolored path from z to x i . This is impossible as contracting these paths on z would lead to a K t+2 (with vertex set {u, z, x 1 , . . . , x t }). This concludes the proof of the claim. ✷ Let v be a vertex of H with minimum degree in H. By the choice of u and Theorem 4 (resp. Theorem 6), deg H (v) ≤ 4 (resp. deg H (v) ≤ 5).
Claim 53 δ(H) = deg H (v) = 4 (resp. δ(H) = deg H (v) = 5).
Proof. Since α(H) = 2, the non-neighbors of v in H form a clique. Furthermore since H does not contain a K 5 (resp. a K 6 ) we have that 9−1−deg H (v) < 5 (resp. that 11−1−deg H (v) < 6), and hence deg H (v) = 4 (resp. deg H (v) = 5). ✷ Let y 1 , . . . , y t with t = 4 (resp. t = 5) be the neighbors of v in H, and let K be the t-clique formed by its non-neigbors. By Claim 52 we can assume that y 1 and y 2 are non-adjacent. Note that since α(G[N(u)]) = 2 every vertex of K is adjacent to y 1 or y 2 . Since G is (2t + 1)-minor critical, consider a 2t-coloring of the graph G ′ obtained from G by contracting uy 1 and uy 2 . This coloring implies the existence of a 2t-coloring c of G \ u such that c(y 1 ) = c(y 2 ). As this coloring does not extends to G, the 2t + 1 vertices in N(u) use all the 2t colors. In particular, the colors used by K (say 1, . . . t) and y 3 (say 6) are thus used only once in N(u). For any 1 ≤ i ≤ t, suppose we switch colors in the (i, 6)-component of y 3 . As this cannot lead to a coloring which does not use all the colors in N(u), there exists a (i, 6)-bicolored path from y 3 to the i-colored vertex of K. This is impossible as contracting these paths on y 3 , and contracting the edges vy 1 and vy 2 on v would lead to a K t+2 with vertex set {u, v, y 3 } ∪ K. This concludes the proof of the theorem. ✷
Conclusion
Theorem 38 gives a sufficient condition for a graph to have a K k -minor. We wonder whether this condition is stronger than Mader's Theorem : Is there a graph G with a K k -minor, for 4 ≤ k ≤ 7, that has m ≤ (k − 2)n − k−1 2 edges and t ≥ m(k − 3)/2 triangles ?
We believe that our work can be extended to the next case. Song and Thomas [20] proved a Mader-like theorem, similar to Theorem 5 in the case of K 9 -minor free graphs.
Theorem 54 (Song and Thomas, 2006, [20] ) Every graph on n ≥ 9 vertices and at least 7n − 27 edges either has a K 9 -minor or is a (K 1,2,2,2,2,2 , 6)-cockade or is isomorphic to K 2,2,2,3,3 .
Note that K 2,2,2,3,3 has edges that belong to exactly 6 triangles and contains K 2,2,2,2,2,1 as a minor. We conjecture that we can extend our main theorem as follows.
Conjecture 55 Let G a graph such that every edge belongs to at least 7 triangles then either G has a K 9 -minor or contains K 1,2,2,2,2,2 as an induced subgraph.
Proving this conjecture would have several consequences. This would extend Theorem 38 as follows : Every graph G with m ≥ 1 edges and t ≥ 3m triangles has a K 9 or K 1,2,2,2,2,2 -minor. It would also imply Conjecture 43 for the case k = 7, i.e. µ(G) ≤ 7 implies that G is generically 7-stress free. Finally, it would imply Conjecture 46 for k = 9, i.e. double-critical 9-chromatic graphs have a K 9 -minor. We also conjecture that the following holds. In particular, it would imply that K 9 -minor free graphs are 12-colorable (using the same arguments as in Section 8).
Conjecture 56 Any K 9 -minor free graph G with δ(G) = 13 has an edge uv such that u has degree 13 and uv belongs to at most 6 triangles.
We also believe that these structural properties on graph with edges belonging to many triangles can actually be extended to matroids. Graph minors can be studied in the more general context of matroid minors [16] . A triangle is then a circuit of size 3. Contrary to graphs, the case when every element of the matroid belongs to 3 triangles is already intricate. There are three well-known matroids for which each element belongs to 3 triangles : the Fano matroid F 7 , the uniform matroid U 2,4 , and the graphical matroid M(K 5 ). We conjecture that the following holds.
Conjecture 57 Let M be a matroid where each element is contained in 3 triangles, then M admits M(K 5 ), F 7 or U 2,4 as a minor.
